Commun. Math. Phys. 264, 465-503 (2006) Communications in
Digital Object Identifier (DOI) 10.1007/s00220-006-1525-8 Mathematical

Physics

Decay of Solutions of the Wave Equation
in the Kerr Geometry

F. Finster'*, N. Kamran**, J. Smoller>***, S.-T. Yau*****

I NWF I — Mathematik, Universitiit Regensburg, 93040 Regensburg, Germany.
E-mail: Felix.Finster @mathematik.uni-regensburg.de
2 Department of Math. and Statistics, McGill University, Montréal, Québec, Canada H3A 2K6.
E-mail: nkamran@math.McGill.CA
3 Mathematics Department, The University of Michigan, Ann Arbor, MI 48109, USA.
E-mail: smoller@umich.edu
4 Mathematics Department, Harvard University, Cambridge, MA 02138, USA.
E-mail: yau@math.harvard.edu

Received: 18 April 2005 / Accepted: 10 August 2005
Published online: 1 March 2006 — © Springer-Verlag 2006

Abstract: We consider the Cauchy problem for the massless scalar wave equation in the
Kerr geometry for smooth initial data compactly supported outside the event horizon.
We prove that the solutions decay in time in L. The proof is based on a representation
of the solution as an infinite sum over the angular momentum modes, each of which is
an integral of the energy variable w on the real line. This integral representation involves
solutions of the radial and angular ODEs which arise in the separation of variables.
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1. Introduction

In this paper we study the long-time dynamics of massless scalar waves in the Kerr geom-
etry. We prove that solutions of the Cauchy problem with smooth initial data which is
compactly supported outside the event horizon, decay in Ly.. Our starting point is the
integral representation for the propagator [5], which involves an integral over a complex
contour in the energy variable w. In order to study the long-time dynamics, we must
deform the contour to the real line. To this end, we carefully analyze the solutions of
the associated radial and angular ODEs which arise in the separation of variables. In
particular, we show that the integrand in our representation has no poles on the real axis.
We call such poles radiant modes, because in a dynamical situation they would lead to
continuous radiation coming out of the ergosphere.

We now set up some notation and state our main result. As in [5], we choose Boyer-
Lindquist coordinates (¢, r, ¢, ¢) withr > 0,0 < ¢ < 7,0 < ¢ < 27, in which the
Kerr metric takes the form

A dr?
ds? = ;@ —a sin? 9 dp)?> — U <% +dz§‘2)

. 219
Y @dt — (% +a?) do)> (1.1)

with
U(r,9) = r? +a® coszﬁ, A(r) = r2—2Mr~|—a2,

where M and aM denote the mass and the angular momentum of the black hole, respec-
tively. We restrict attention to the non-extreme case M 2 > 42, where the function A has
two distinct zeros,

ro =M — VM?*—a?> and r| = M + VM? —a?,

corresponding to the Cauchy and the event horizon, respectively. We consider only the
region r > rq outside the event horizon, and thus A > 0. The ergosphere is the region
where the Killing vector % is space-like, that is where

r2 —2Mr +a* cos® ¥ < 0. (1.2)

The ergosphere lies outside the event horizon r = ry, and its boundary intersects the
event horizon at the poles ¥ = 0, 7.

Theorem 1.1. Consider the Cauchy problem for the wave equation in the Kerr geometry
for smooth initial data which is compactly supported outside the event horizon and has
fixed angular momentum in the direction of the rotation axis of the black hole, i.e. for
somek € 7,

(Do, 3 Pp) = e K¢ (D, d; Do) (r, ®) € C§C((r1, 00) x §%)2.

o0

% ((r1,00) x §%)? ast — oo.

Then the solution decays in L
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The study of linear hyperbolic equations in a black hole geometry has a long history.
Regge and Wheeler [11] considered the radial equation for metric perturbations of the
Schwarzschild metric. In the late 1960s and early 1970s, Carter, Teukolsky and Chandr-
asekhar discovered that the equations describing scalar, Dirac, Maxwell and linearized
gravitational fields in the Kerr geometry are separable into ordinary differential equa-
tions (see [2]). Much research has been done concerning the long-time behavior of the
solutions of these equations, through both numerical and analytical methods. Price [9]
gave arguments which indicated decay of solutions of the scalar wave equation in the
Schwarzschild geometry. Press and Teukolsky [8] did a numerical study which strongly
suggested the absence of unstable modes, and Whiting [10] later proved that for w in the
complex plane, such unstable modes cannot exist. This “mode stability” does not rule
out that there might be unstable modes for real w (what we call radiant modes). Fur-
thermore, mode stability does not lead to any statement on the Cauchy problem. Finally,
Kay and Wald [7] used energy estimates to prove a boundedness result for solutions of
the scalar wave equation in the Schwarzschild geometry.

Unfortunately, these energy methods cannot be used in a rotating black hole geome-
try, because the energy density is indefinite inside the ergosphere, making it impossible
to introduce a positive definite conserved scalar product. This difficulty was dealt with
in [5, 6], where Whiting’s mode stability result was combined with estimates for the
resolvent and for the radial and angular ODEs. In [5] we established an integral repre-
sentation which expresses the solution as a contour integral of an integrand involving the
separated radial and angular eigenfunctions over a contour staying within a neighbor-
hood located arbitrarily close to the real axis. This integral representation is the starting
point of the present paper. After deforming the contours onto the real axis, we can prove
decay using the Riemann-Lebesgue Lemma, similar to the case of the Dirac equation [4].
We remark that the decay result of our paper would not be expected to hold for a massive
scalar field satisfying the Klein-Gordon equation, as indicated in [1].

Finally, we note that the problem considered here is closely related to one of the major
open questions in general relativity; namely the problem of linearized stability of the
Kerr metric. For the stability under metric perturbations one considers the equation for
linearized gravitational waves, which can be identified with the general wave equation
for spin s = 2 (see [2]). Thus replacing scalar waves (s = 0) by gravitational waves
(s = 2), the above theorem would prove linearized stability of the Kerr metric. However,
the analysis for s = 2 would be considerably more difficult due to the complexity of the
linearized Einstein equations. Nevertheless, we regard this paper as a first step towards
proving linearized stability of the Kerr metric.

2. Preliminaries

We recall a few constructions and results from [5, 6] which will be needed later on. As
radial variable we usually work with the Regge-Wheeler variable u € R defined by

du r? +a?
— = : (2.1)
dr A

then u = —oo corresponds to the event horizon. It is most convenient to write the wave

equation in the Hamiltonian form

i,V =HW, 2.2)
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where W = (@, {9, D). The Hamiltonian can be written as

01
H = <A,3)’ (2.3)
where

. a(2+ 2)3 AL a’k? 2.4)
=—|—(r — = - . .

pl du R Y SR R U

2ak A

=—|(1-—=—. 2.5
po (1 8 o

p = 2 +a® — a*sin® (2.6)

r24+a?’

The operators A and f are symmetric on the Hilbert space L2(R x S2, d)? with the
measure

du := pdudcos?. 2.7)

It is immediately verified that the Hamiltonian is symmetric with respect to the bilinear
form

AQ
<V, V> = / (W, (0 1) W)z due. (2.8)
Rx$2

As is worked out in detail in [5], the inner product <W, W> is the physical energy of .
Therefore, we refer to <., .> as the energy scalar product. The fact that the energy scalar
product is not positive definite can be understood from the fact that the operator A is not
positive on LZ(R x 2, du).

Using the ansatz

(L, 1, 0, ¢) = e TR R(r) OW), (2.9)
the wave equation can be separated into an angular and a radial ODE,
Rox R). = —ARy, Aok On = 10O, (2.10)

Here the angular operator A,  is also called the spheroidal wave operator. The separa-
tion constant A is an eigenvalue of A, x and can thus be regarded as an angular quantum
number. In [6] it was shown that if @ is in a small neighborhood of the real line, more
precisely if

weU =lweC|Mmo| < —— 1,
1+ Reo|

then for sufficiently small ¢ > O the angular operator A, ; has a purely discrete spec-
trum (X,), <N With corresponding one-dimensional eigenspaces which span the Hilbert
space L?(S?). We denote the projections onto the eigenspaces by Q,, (k, w). These pro-
jections as well as the corresponding eigenvalues A, are holomorphic in @ € U,. In
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analogy to the eigenvalues /(/ + 1) of the Laplacian on the sphere, the angular eigen-
values A, grow quadratically for large n in the sense that there is a constant C (k, ) > 0
such that

Ik, )| > C(Z’zw) forall n € N. 2.11)
We set
wy = _r126—l|——k(12 2.12)
with rq the event horizon and use the notation
Q) = v — wo. (2.13)

In order to bring the radial equation into a convenient form, we introduce a new radial
function ¢ (r) by

o) = V2 4+a>R(@r) .

Then in the Regge-Wheeler variable, the radial equation can be written as the “Schrodinger
equation”

d2
<—m + V(u)) o) =0 (2.14)
with the potential
ak \?*  M@A 1 5
Vu)=— 0-Vr+a? (215
@) <w+r2+a2> +(r2+a2)2+mu re 2D

In [5] we derived an integral representation for the solution of the Cauchy problem
of the following form,

W(t,r, 9, ¢)
1

= —— e

2mi
keZ

—ikg

x Y lim (/ —/) dw e (Qf (@) Soo(@) W, 9).  (2.16)
Ce Cs

0
neN N

Here the integration contour C, must lie inside the set Ug.
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3. Asymptotic Estimates for the Radial Equation

3.1. Holomorphic families of radial solutions. In this section we fix the angular quan-
tum numbers k, n and consider solutions qb and qb of the Schrodinger equation (2.14)
which satisfy the following asymptotic boundary conditions on the event horizon and at
infinity, respectively,

. , . ’ /
lim ¢ $w)=1, lim (e_’Q” ¢(u)) =0, (3.1)
U— —00 Uu——00
. ~ . ~ /
lim ¢ du) = 1, lim (e”‘”‘(p(u)) = 0. 3.2)
U— 00 U—00

These solutions were introduced in [5] for w in the lower complex half plane intersected
with U,. Here we will show that they are holomorphic in w, and we will extend their
definition to a larger w-domain. More precisely, we prove the following two theorems.

Theorem 3.1. The solutions q) are well-defined on the domain

D =UN{weC|lmw < rlz;ro .

2(ri +a?)
They form a holomorphic family of solutions in the sense that for every fixed u € R
and n € N, the function ¢(u) is holomorphic in w € D.

Theorem 3.2. For every angular momentum number n there is an open set E containing
the real line except for the origin,

E D Ey =UN{weC|lmw <0and w # 0}, (3.3)

such that the solutions d) are well-defined for all w € E and form a holomorphic family
on E.

For the proofs we will rewrite the Schrodinger equation with boundary conditions (3.1,
3.2) as an integral equation (which in different contexts is called the Lipman-Schwinger
or Jost equation). Then we will perform a perturbation expansion and get estimates for all
the terms of the expansion. To introduce the method, we begin with the solutions q§; the
solutions ¢ will be treated later with a similar technique. First we write the Schrodinger
equation (2.14) in the form

d? . .
(—W - 92) Pu) = —Ww) ) (3.4)
with a potential W = Q% + V () which vanishes at u = —oo. We define the Green’s

Jfunction of the differential operator —83 — Q7 by the distributional equation
(=32 — Q%) Su,v) = 8(u —v). (3.5)

The Green’s function is not unique; we choose it such that its support is contained in the
region v < u;i.e.

L (e—iQ(u—v) _ eiQ(u—v)) Q0

S(u,v) = O(u—v) x {21'9 (3.6)
v—1u if Q =0.
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(Here ® denotes the Heaviside function defined by ®(x) = 1 if x > 0 and ®(x) =0
otherwise.) We multiply (3.4) by the Green’s function and integrate,

/Oo S(u, v) ((—35 — Q) (b(v) — eiQ”)) dv = —/oo S(u, v) W) d(v) dv.

—00 —00

If we assume for the moment that ¢ satisfies the desired boundary conditions (3.1),
we can integrate by parts on the left and use (3.5). This gives the Lipman-Schwinger
equation

u

Sy = &% _ / S(u, v) W) $(v) dv,

—00

which in the context of potential scattering is also called the Jost equation (see e.g. [3]).
Its significance lies in the fact that we can now easily perform a perturbation expansion
in the potential W. Namely, taking for ¢ the ansatz as the perturbation series

[o0]

$ =2 o, (3.7

=0
we are led to the iteration scheme
¢(O)(M) — eiQu
u
pD () = — / S, v) W) 6 ) dv.

—00

(3.8)

This iteration scheme can be used for constructing solutions of the Jost equation, and
this will give us the functions ¢ with the desired properties.

Proof of Theorem 3.1. Fix w € D. As the potential W is smooth in r and vanishes on
the event horizon, we know that W has near r; the asymptotics W = O(r — r1). This
means in the Regge-Wheeler variable (2.1) that W decays exponentially as u — —oo.
More precisely, there is a constant ¢ > 0 such that

rn—ro

W) < ce’™ with = . 3.9
W)l < Sl (3.9)
Let us show inductively that
yu
0P @) < pl ™2 with g o= - (3.10)

(y —ImQ — [ImQ[)2’
In the case [ = 0, the claim is obvious from (3.8). Thus assume that (3.10) holds for a
given [. Then, estimating the integral equation in (3.8) using (3.9), we obtain

u
o) < e / 1S(u, v)| VTV gy, (3.11)

—00

The Green’s function (3.6) can be estimated in the case v < u by

1
/ e—iQ(u—v) Tdt
0

-
2

Im 2| (u—v)

u
|S(u, v)| = < (u—v)e
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Substituting this inequality in (3.11) gives
|¢(l+l)(u)| S C/«Ll eIImQ\u /u (l/l _ U) e(y—ImQ—HmQI)v dv.
—00

Since the parameter @ := y —Im  — |Im 2| is positive according to the definition of D,
we can carry out the integral as follows,

u d u d ou ou
/ u—-v)e*dv = (u—— / eVdv = (u— — e—ze—,
oo da ) J_ o da) o o?

This gives (3.10) with [ replaced by [ + 1.

Since for u on a compact interval, the analytic dependence of the solutions in w from
the coefficients and the initial conditions follows immediately from the Picard-Lindelof
Theorem, it suffices to consider the region u < uq for any o € R. By choosing uq suffi-
ciently small, we can arrange that < 1/2 forallu < ug. Then the estimate (3.10) shows
that the perturbation series (3.7) converges absolutely, uniformly in u € (—o0, ug).
Using similar estimates for the u-derivatives of qﬁ(l), one sees furthermore that the per-
turbation series (3.10) can be differentiated term by term, and using (3.5) we find that ¢
is indeed a solution of (3.4). Furthermore,

$u) — e = > "D w),
=1

and taking the limit ¥ — oo and using (3.10) we find that the right side goes to zero.
Using the same argument for the first derivatives, we obtain (3.1).

In order to prove that ¢ is analytic in w, we first note that if & # 0, we can differ-
entiate the perturbation series (3.7) term by term and verify that the Cauchy-Riemann
equations are satisfied (note that A, is holomorphic in @ according to [6]). Since ¢ is
bounded near 2 = 0, it is also analyticat 2 =0. O

We turn to the solutions ¢ In analogy to (3.4), we now write the Schrodinger equation
as

d? . .
(—d? —wz) $w) = =W (3.12)
with
W) =~k (ak)? hn A

24a?2 (24 a2)e r2 + a2)?

1
+W 92/r2 4 a2, (3.13)

Assuming that w # 0, we choose the Green’s function as

1 . .
S,v) = 5= (7000 =) O — ). (3.14)

The corresponding Jost equation is

du) = e —/oo S(u, v) W) ¢(v) dv.
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The perturbation series ansatz
o0
¢ =2 ¢ (3.15)
[=0
leads to the iteration scheme

¢(()) () = p—lwu
oD () = _f Su, v) W) ¢® (v) dv.

u

(3.16)

Note that, in contrast to the exponential decay (3.9), now the potential W, (3.13), has
only polynomial decay. As a consequence, the iteration scheme allows us to construct ¢
only inside the set Ey as defined in (3.3).

Lemma 3.3. The solutions ¢ are well-defined for every w € Eq. They form a holomor-
phic family in the interior of Ey.

Proof. Fix w € Ep. Then w # 0 and Imw < 0, and this allows us to estimate the

potential (3.13) and the Green’s function (3.14) for u, v > ug and some ug > 0 by

1
W@l = =, 1S@o)l < o e (3.17)
Let us show by induction that
!
|¢>(l)(bt)| < l ¢ emou
I \|w|u

For I = 0 this is obvious from (3.16), whereas the induction step follows by estimating
the integral equation in (3.16) with (3.17),

1L /c\" ™1 c
(I+1) W) < = — / - elmw(u—v) eImwv
o= () [ e

I+1
— ; c * elmwu
(+ D!\ |w|lu '

Hence the perturbation series (3.15) converges absolutely, locally uniformly in . It is
straightforward to check that </> satisfies the Schrodinger equation (3.12) with the correct
boundary values (3.2). If Imw < 0, one can differentiate the series (3.15) term by term
with respect to w and verify that the Cauchy-Riemann equations are satisfied. O

It remains to analytically extend the solutions é forfixedn toa neighborhood of any

point wp € R\ {0}. To this end, we need good estimates of the derivatives of ¢ with
respect to w and u. It is most convenient to work with the functions

vOw) = Qiw) e ¢®®w), (3.18)

for which the iteration scheme (3.16) can be written as ¥ (® = 1 and

y D w) = / (e — W) v ) dv. (3.19)

u
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Lemma 3.4. For every wy € R\ {0} and n € N, there are positive constants c, K, §,
such that for all o € Eog N Bs(wp) with Imw < 0 and all p,q,n € N the following
inequality holds,

a\’/0\¢ )
\(@) (5) v

Proof. According to [6], A, is holomorphic in a neighborhood of wq, and thus (for
example using the Cauchy integral formula) its derivatives can be bounded in Bs(wp)

by
K I+p
105 An ()] < <5> p!

for suitable K > 0. Since the potential W, (3.13), is also holomorphic in r (in a suitable
neighborhood of the positive real axis) and has quadratic decay, its derivatives can be
estimated by

1 g!
< oIHHr ga plg! 1

TR (3.20)

K\ !trte plq!
q
10004 W ()| < <3> vy (3.21)

We choose ¢ so large that the following conditions hold,

Ke%

1
c > 16K, ——— —.
(wyg —98) ¢ 2

IA

(3.22)
We proceed to prove (3.20) by induction in /. For [ = 0 there is nothing to prove.

Thus assume that (3.20) holds for a given /. Using the induction hypothesis together
with (3.21), we can then estimate the derivatives of the product Wi/f(l ) as follows,

14 q K 1+a+b
5o Wy <y (5) > (Z) (5)

a=0 b=0
alb! cMtrr=a ga=b (p —a)!1 (g — b)!
X 24 ul+a—b 1T
B P g1 prgt K\ W (1)
- u2++q T Z 2¢ Z 2]
a=0 b=0

According to (3.22), the two remaining sums can be bounded by the geometric series
Yo 27" =2, and thus

1+1+ 1+
ot (wy®y < 4 KT ptd!

u2tl+q 1! (3.23)

Next we differentiate the integral equation (3.19),

P o0
oboy ) =Y (f ) / T [@(v — ) (e Hewmw _ 1)]

r=0 -
X3P~ (Ww(l)(v)) dv
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(note that, since Imw < 0, the factor e ~2“? gives an exponential decay of the integrand

as v — 00). After manipulating the partial derivatives as follows,

o7 ¢ [@(v —u) (e~ 20w _ 1)] = (=0,) [@(v —w) ( 9 )
w
x (e~ 2ew=w) _ 1)]’

the resulting v-derivatives can all be integrated by parts. The boundary terms drop out,
and we obtain

p o0 _ r
35331/,(1+1)(M) — Z (f) / (672iw(v7u)_]) <avu v) agaaq*r (WI[/(I)(U)) dv.
u w

r=0

Since w is in the lower half plane, we have the inequality |e =2/~ | < 1. We conclude

that
L P\ [~ u—v)"
P g4, U+1) qg9r—r O]
oLadw | < 2§_0(r>fu Ha . }avaw (wy (v)>‘dv

(3.24)

The v-derivatives in the curly brackets can act either on one of the factors (« — v) or on
the function W ). Taking into account the combinatorics, we obtain

P r o
‘85331ﬁ([+1)(u)‘ 522 (f)%Z(:) rrﬂ'/ (v—u)’
r=0 @ s=0 u

Using (3.23), we get

op gt (wy®)|dv

g+ . ,_ _
‘apaqw(l+1)(u)‘ - SZZSI;)(,,CI_ s)|1| " IS AP g ldats

X ST .av.
" p2H+qgts

Introducing the new variable t = 7, the integral can be computed with iterative inte-
grations by parts,

] s 1
(v —u) 1 s _l+q
/u V2HFq+s dv = u1+l+q/0 =7y dr

1 I+q) ! d* s
:u1+l+q (1+q+s)!/ (1= Wt e

_ L d+9!s! /lquHdt: 1 (+aqtst
ult+a (1 +q +s)! ul*+a (1414 q+s)!

We thus obtain

clH+p gl+aq XP:ZP'(Q‘”)! KS 7S (+q)!

p a4, (I+1)
0oV W] = 8 — e — O (o (A+l+q+9)

=0s=0
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Using the elementary estimate

Gt)'d+e! ¢t g+l gq+ts _ 4!
(I+1+qg+9)! g+Il+1 g+1+2 qg+l+s+1 ~ [+1

we obtain

1+i+p K1+q

pad (l+1) C p!q' P K r l r \"—¢s
‘(%)auw (u)‘ <8y (ZH)!;(&) g—(r—s)!(f) .

The last sum can be estimated by an exponential,

Yot = ) = T ) = e (R)

a= a=

According to (3.22), we can now estimate the remaining sum over r by a geometric

series,
14 r o LN\7
K r K ex
— € — ) < < 2.
> (5) () = 2 (55 =

r=0 r=0

We thus obtain
clti+r gl+q plq! _ c2t+r ga plg!
ultlte g+ 1) = ultte (4D

oot < 16

where in the last step we again used (3.22). O

Proof of Theorem 3.1. According to (3.15, 3.18),

oo

dlw,u) = e_iwuz (21 X v (o,

Expanding ) in a Taylor series in w, we obtain the formal expansion

8]

$(@+¢u) = e”""“Z — apw“’(w ).

(2l(w+§))’ Z

Lemma 3.4 allows us to estimate this expansion for every w € Ep N Bs(wp) with
Imw < O as follows,

o0

R 1
lp(0+ ¢, u)| < cg <|w+g_|u> Z(cm)"

This expansion converges uniformly for [¢| < 5. Similarly, one can show that the series
of ¢-derivatives also converge uniformly. Hence we can interchange differentiation with
summation, and a straightforward calculation shows that the Cauchy-Riemann equa-
tions are satisfied. Thus the above expansion allows us to extend c/) analytically to the
ball || < 5. Since the constant ¢ is independent of Im w, we thus obtain an analytic

extension of ¢ across the real line. O
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3.2. A continuous family of solutions near v = 0. In Theorem 3.2 we made no statement
about the behavior of the fundamental solutions ¢ at w = 0. Indeed, we cannot expect
the solutions to have a holomorphic extension in a neighborhood of w = 0. But at least,
after suitable rescaling, these solutions have a well-defined limit at w = 0:

Theorem 3.5. For every angular momentum number n, there is a real solution ¢ of the
Schrodinger equation (2.14) for w = 0 with the asymptotics

Tim_ WP po(u) = % with 1 = ,//\,,(0)4—%. (3.25)

This solution can be obtained as a limit of the solutions from Theorem 3.2, in the sense
that for all u € R,

o) = lim o' ¢w and  gpw) = lim o ¢'(w).

Note that the A, are the eigenvalues of the Laplacian on the sphere. They are clearly
non-negative, and thus the parameter u in (3.25) is positive.

Unfortunately, the function ¢ cannot be constructed with the iteration scheme (3.16)
because if we put in the Green’s function for @ = 0 (which is obtained from (3.14) by
taking the limit & — 0), we get for ¢! the equation

sV W) = / =0 W) dv,

and since W decays at infinity only quadratically, the integral diverges. To overcome this
problem, we combine the quadratically decaying part of the potential with the unper-
turbed operator. More precisely, for any w in the set

F o= {w € C|Imw < 0and |o| < (16ak)—1} ,

we write the Schrodinger equation as

d2 2 _ 1
( + —w2>¢(u) = —Ww P,

du?

where w(w) = (Ay(w) — 2akw + %) 2. The potential W is continuous in w and bounded
by

c

W@l < -5 forallw e F. (3.26)

The solutions of the unperturbed Schrodinger equation can be expressed with Bessel

functions,
Tu Tu
hi(u) = V7o Jy(wu), ha(u) = V72 Y, (ou).

They have the following asymptotics,

hi(u) ~ cos(wu), ho(u) ~ sin(wu) if ou > 1,
_1
\/;w'u MHJF% F(M) 2472 M7M+%

hy(u) ~ m . ha(u) ~ NT

ifou < 1.
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The Green’s function can be expressed in terms of the two fundamental solutions by the
standard formula

Sw.v) = O — 1) hy(u) hy(v) — hi(v) hz(u)’

w(hy, ha)
where w(hy, hy) = h’lhz — hlh’2 = —w is the Wronskian. The perturbation series ansatz
o
¢ = ¢¥ (3.27)
=1
now leads to the integral equation
VW) = /OO S(u, v) W) ¢P (v) dv. (3.28)
u

We choose the function #© such that its asymptotics at infinity is a multiple times the
plane wave e~'®*, whereas for w = 0, it has the asymptotics (3.25),
QW) = " (hy —ihy)(u). (3.29)

Lemma 3.6. For any fixed n there is ug € R such that the iteration scheme (3.29, 3.28)
converges uniformly for all u > uy and w € F. The functions ¢ defined by (3.27) are
solutions of the Schrodinger equation (2.14) with the asymptotics

RACN 1‘ <
pOw | T

c
u

and a constant ¢ = c(n).

Proof. Using the asymptotic formulas for the Bessel functions, one sees (similar to the
estimate [3, Eq. (4.4)] for u =1+ % and integer /) that for all v > u and w € F, the
Green’s function is bounded by

— +7 +,
IS(u, v)| < C Mmoo BLER R : (3.30)
- 1+ |olu 1+ |wlv

Similarly, we can bound the Bessel functions in (3.29) to get

l < |¢(0)|e—lmwu w_ e < C (3.31)
c ~ 1+ |olu - ’
Let us show inductively that
—pu+i [
60 < cemon( L () (3.32)
1+ |wlu u

For I = 0 there is nothing to prove. The induction step follows from (3.28, 3.26, 3.30)

Cagd I
|pUTD| < € e Imen u . /OO e2Imov v €€ (Ce dv
- 1+ |wlu " 1+ |wlv) V3 v

_+l l
<Cemon( " T (Ce foogdv.
1+ |olu u u V2

The lemma now follows immediately from (3.32, 3.31) and by differentiating the
series (3.27) with respect to u. O
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Proof of Theorem 3.5. From the asymptotics at infinity, it is clear that

¢ = wr (i) ifw#0
- ¢o ifw=0.
Denoting the w-dependence of ¢ by a subscript, we thus need to prove that forall u € R,

Jim gu) = gotw), lim ¢l,0) = o). (3.33)

To simplify the problem, we first note that for # on compact intervals, the continuous
dependence on w follows immediately from the Picard-Lindelof Theorem (i.e. the con-
tinuous dependence of solutions of ODEs on the coefficients and initial values). Thus it
suffices to prove (3.33) for large u. Furthermore, writing the Schrodinger equation as

Oy —iw)(Oy +iw) ¢, = —U ¢,

the potential U has quadratic decay at infinity. Thus, after the substitution (9, — iw) =
"o, e we can multiply the above equation by e~'®* and integrate to obtain

T (3, + i) o) = / " e U W) gu(v) do.

Here we emphasized the w-dependence by a subscript; note also that the integral is
well-defined in view of the asymptotics of ¢,, at infinity. This equation shows that ¢/,
converges pointwise once we know that ¢, (u) converges uniformly in u. Hence it
remains to show that for every € > 0 there is ug and § > 0 such that for all w € F with
lw| <8,

|0 () — po(u)| < & forallu > ug. (3.34)

To prove (3.34) we use the uniform convergence of the functions qbc(uo), (3.29), to
choose § such that for all € F with |w| < §,

169 w) — o) < g for all u > wup.
According to Lemma 3.6, we can by choosing u( sufficiently large arrange that
(0) ¢
[Py, () — Py (u)| < 3 forallu > ugand w € F.
Now (3.34) follows immediately from the estimate

6 — b0l < 160 — X1+ 160 — ¢ + 16 — dol.
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4. Global Estimates for the Radial Equation

Let Y7 and Y> be two real fundamental solutions of the Schrodinger equation (2.14) for
a general real and smooth potential V. Then their Wronskian

w = Y{(u) Ya(u) — Yi(u) Y5 (u) 4.1)
is a constant. By flipping the sign of Y, we can always arrange that w < 0. We combine
the two real solutions into the complex function

z =Y +il,
and denote its polar decomposition by
7 = pe? 4.2)
with real functions p(#) > 0 and ¢(u). By linearity, z is a solution of the complex
Schrodinger equation
=V, (4.3)

Note that z has no zeros because at every u at least one of the fundamental solutions
does not vanish.

4.1. The complex Riccati equation. We introduce the function y by

Z/

y = —. (4.4)
z

Since z has no zeros, the function y is smooth. Moreover, it satisfies the complex Riccati

equation

VA =V (45)

The fact that the solutions of the complex Riccati equation are smooth will be helpful
for getting estimates. Conversely, from a solution of the Riccati equation one obtains
the corresponding solution of the Schrodinger equation by integration,

v
logzl) = / y. (4.6)
u

Using (4.2) in (4.4) gives separate equations for the amplitude and phase of z,
/

p' = pRey, ¢ =Imy,

and integration gives

v
mMm=wa, 4.7)
MU
ol} =/ Imy. (4.8)
u
Furthermore, the Wronskian (4.1) gives a simple algebraic relation between p and y.
Namely, w can be expressed by w = —Im (Z z’) = p? Im y and thus
w
0> = - (4.9)
my

Since p? is positive and w is negative, we see that
Imyw) >0 forallu. 4.10)
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4.2. Invariant disk estimates. We now explain a method for getting estimates for the
complex Riccati equation. This method was first used in [6] for estimates in the case
where the potential is negative (Lemma 4.1). Here we extend the method to the situation
when the potential is positive (Lemma 4.2). For sake of clarity, we develop the method
again from the beginning, but we point out that the proof of Lemma 4.1 is taken from [6].
Let y(u) be a solution of the complex Riccati equation (4.5). We want to estimate the
Euclidean distance of y to a given curve m(u) = « + i in the complex plane. A direct
calculation using (4.5) gives

% j—uw —m[> = (Rey —a) (Rey —a)' + (Imy — B) (Imy — B)’
— Rey —a) [v — (Re y)? + (Im y)> —o/] —(my—pg)[2ReyImy + ]
— (Rey — ) [v ~ (Rey)? — (Imy)2 +2BImy — a’] + (Rey —a) 2(Imy — ) Im y
—(Imy—B) [ +2«Imy] — Imy — B)2(Rey —a) Imy
= (Rey—a) [V —Rey—a)—(Imy—pB)>—a>+p> —o/]
—(my — ) [ +20p] — 2 (Rey = )? + (Imy — B)?) .
Choosing polar coordinates centered at m,
y = m+Re'Y, R := |y—m]|
we obtain the following differential equation for R,

R +2aR = cosgp[V—Rz—ozz—l—ﬂz—o/]—sin¢[5’+2a,3]. @.11)

In order to use this equation for estimates, we assume that « is a given function (to
be determined later). With the abbreviations

u
U=V-d>—d and o) = exp(Z/ a>, (4.12)
0
the ODE (4.11) can then be written as
OR) = o [U R4 /32] cosg — (oB)’ sing.

To further simplify the equation, we want to arrange that the square bracket vanishes.
If U is negative, this can be achieved by the ansatz

_ VIU| 1 _ VUl 1

with T > 1 a free function. In the case U > 0, we make similarly the ansatz

VU 1 VU 1
p=(1-7) k=G (r+7) w-0 @
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Imy

VIuIT

Rey

Fig. 1. Invariant disk estimate for U < 0

with afunction 7 > 0. Using (4.13, 4.14), the ODE (4.11) reduces to the simple equation
(0 R) = —(oB) sin ¢. If we now replace this equation by a strict inequality,

(0R) > —(oB) sing, (4.15)

with R a general positive function, the inequality [y — m| < R will be preserved as u
increases. In other words, the disk Bg(m) will be an invariant region for the flow of y.
In the next two lemmas we specify the function 7 in the cases U < 0 and U > O,
respectively. To avoid confusion, we note that it is only a matter of convenience to state
the lemmas on the interval [0, u,,,,]; by translation we can later immediately apply the
lemmas on any closed interval.

Lemma 4.1. Let o be a real function on [0, u,,..] which is continuous and piecewise C U
such that the corresponding function U, (4.12), is negative,

U<0 on [0,u.].

For a constant Ty > 1 we introduce the function T by
1 2
T(w) = Ty exp 3 TVio.u loglo“U| ). (4.16)

define the functions B and R by (4.13) and set m = o +iB. If a solution y of the complex
Riccati equation (4.5) satisfies at u = 0 the condition

ly —m| = R, (4.17)

then this condition holds for all u € [0, u,,..] (for illustration see Fig 1).

Proof. For ¢ > 0 we set

1 [“||lo2U/)
T:(u) = Ty exp 3
0

lo2U|

+e(1 —e_”)) (4.18)
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and denote corresponding functions «, R, m, and o by an additional subscript €. Since
T:(0) = T(0) and limg\ o T = T, it suffices to show that for all ¢ > 0 the following
statement holds,

ly =mel(0) = Re(0) = |y —me|(u) < Re(u) forallu € [0, umu].
In differential form, we get the sufficient condition
[y —mel(u) = Re(w) = |y —mel' () < R ().
According to (4.15), this last condition will be satisfied if
(@:Re)" > |(0eBe)|. (4.19)

From now on we omit the subscripts ¢.
In order to prove (4.19), we first use (4.13, 4.12) to rewrite the functions o8 and o R
as

of =
oR =

(\/|02U| T +/]o2U] T—l)
(\/|02U| T — J|o2U] T‘l).

(4.20)

NSRS R

By definition of T, (4.18),
T/

1||102U)
T 2

02U

—u

It follows that
{( |o2U| T~V = —ge ™ (/|o2U| T™")  if|62U| > 0,

102U| T = ge™* (/|o2U| T) if |o2U|" < 0.

Hence when we differentiate through (4.20) and set ¢ = 0, either the first or the sec-
ond summand drops out in each equation, and we obtain (¢ R) = |oB|. If ¢ > 0, an
inspection of the signs of the additional terms gives (4.19). O

Lemma 4.2. Let « be a real function on [0, u,,,.] which is continuous and piecewise C L
such that the corresponding function U, (4.12), satisfies on [0, u,,..] the conditions

U>0 and U +4Ua > 0. 4.21)
For a constant Ty > 0 we introduce the function T by

U@
Tw) = Tp U%U) 4.22)

define the functions 8 and R by (4.14) and set m = o +ip. If a solution y of the complex
Riccati equation (4.5) satisfies at u = 0 the condition

ly —m| < R,
then this condition holds for all u € [0, u,,..] (see Fig. 2). Furthermore,

JT0)

Rey > a—x/U—To
20

(4.23)
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Imy Imy

Rey

Rey

Fig. 2. Invariant disk estimate for U > 0, in the cases 7 > 1 (left) and 7 < 1 (right).

Proof. For ¢ > 0 we set
T. = Ty (02U)"2 (1 —se™™).

Using (4.14, 4.12) we can write the functions o8 and o R as

of = _% (To—l c2U (1 —ge™™ 1 =Ty (1 — ge—“))

1
oR =3 (TO—‘ 02U (1 — g™ 4Ty (1 — se_”)),
where we again omitted the subscript €. Differentiation gives
/ / 1 -1 2 —uy—1Y 1 —u\/
@R > ~(@p) = 3T, (0 U(l—ge™) ) —3To(1—ee™). @24

According to the second inequality in (4.21), the function U is strictly increasing and
thus the expression on the right of (4.24) is positive for sufficiently small €. Hence (4.19)
is satisfied. Letting ¢ — 0, we obtain that the circle ‘Bg(m) is invariant.

In order to prove (4.23) we note that in the case 7 < 1 the inequality is obvious
becauseevenRe y < o — VU (see Fig. 2). Thus we can assume 7" > 1, and the estimate

T

U
Rey > a— R > a—T(T+2)

together with (4.22) gives the claim. O

If the potential V is monotone increasing, by choosing @ = 0 we obtain the following
simple estimate.

Corollary 4.3. Assume that the potential V is monotone increasing on [0, u,,..]. For a
constant Ty > 0 with TO2 > —V(0) we introduce the functions

1 \% 1 \%
,3=§<T—FO>, R=5<TO+70). (4.25)
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Imy

Rey

Fig. 3. Invariant region estimate for monotone V'

If a solution of the complex Riccati equation (4.5) satisfies at u = 0 the condition

iTy
7 — —

ye{zllz—iﬂ|§R, Rez,Imzzo}U{zl >

2’ ’
then this condition holds for all u € [0, u,,..] (see Fig. 3).

Proof. Choosing @ = 0 and 8, T according to (4.25), we know from Lemma 4.1 and
Lemma 4.2 that the circles |y — m| < R are invariant. Furthermore, we note that the
arc A in Fig. 3 is the flow line of the equation y’ + y* = 0, and thus it cannot be crossed
from the right to the left when V is positive. This gives the result in the case that V has
no zeros. If V has a zero, the invariant disks in the regions V < 0 and V > 0 coincide
atthe zeroof V. 0O

The invariant disk estimates of Lemma 4.1 and Lemma 4.2 can also be used if the
functions « and U have a discontinuity at some v € [0, U], i.€.

o = limao(@) # lima@) = o, U = limU@) # limU@u) =: U,.
u,/'v U\ u,/v U\

In this case we choose the function 7 also to be discontinuous at v,

T, == 1limTw) # limT@w) = T,
u,/v U\

in such a way that the circle corresponding to («,, U, T,;) contains that corresponding
to (o, Up, T7) (see Fig. 4). In the next lemma we give sufficient “jump conditions” for
this “matching.”

Lemma 4.4. (Matching of invariant disks). Suppose that U; < 0. Depending on the
sign of Uy, we set

(0 —a)? + U + Uyl .
T, =T ifU. <0, (4.26)
' VOO, '

(ar —ap)? + U + Uy | + VU U,

RY |Ul| Ur

Tr=Tl

ifU, > 0. (4.27)
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Imy

Imy

B

Rey
Rey

Q ar

o o

Fig. 4. Matching of invariant disks in the cases U, < 0 (left) and U, > 0 (right)

Let By be the disks with centers my, = oy + ify and radii Ry as given by (4.13)
or (4.14). Then B; C B;,.

Proof. We must satisfy the condition R, > |m, — m;| + R;. Taking squares, we obtain
the equivalent conditions R, > R; and

(R- = R)? = (ar — ) + (B — B)*.
This last condition can also be written as
(or —o)> + (B} = RD) + (7 — RD) < 2(Bifr — RiRy). (4.28)
In the case U, < 0, we can substitute the ansatz (4.13) into (4.28) to obtain the

equivalent inequality

I, T
(ar —a)? + Ul + U < VU U <7; + 7) .
r
Dropping the last summand on the right and solving for 7., we obtain (4.26), which is
thus a sufficient condition.

In the case U, > 0, we substitute (4.13, 4.14) into (4.28) to obtain the equivalent
condition

I, T
@ —a)? + U - Uy < |U1|Ur<—r——>,

n T

Using the inequality |U;| — U, < |U; 4 U, |, replacing the factor 7;/ T, on the right by
one and solving for 7, we obtain the sufficient condition (4.27). O
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4.3. Bounds for the Wronskian and the fundamental solutions. We now consider the
solutions ¢ and ¢ as defined in Section 3.1 for w on the real axis and set

N
¢ ¢

We keep k fixed. Since taking the complex conjugate of the separated wave equation
flips the sign of k, we may assume that k > 0. Then wq as defined by (2.12) is negative.

Proposition 4.5. If o & [wy, 0], the Wronskian w(¢;, é&) is non-zero.

Proof. According to (2.13), w and 2 have the same sign. From (4.10) we know that
the functions y and y both stay either in the upper or lower half plane. In view of the
asymptotics (3.1, 3.2), we know that they must be in opposite half planes. Thus

wd ) = $3(5-3) # 0.
[}
In the case w € (wp, 0), we need the following global estimate for large A.
Proposition 4.6. For any u| € R there are constants ¢, Ao > 0 such that
()
w(, §)

A

forall . > Ao, w € (w9, 0), u < uj.

c
A

The remainder of this section is devoted to the proof of this proposition. Let u; € R
and w € (wg, 0). Possibly by increasing u; and Xy we can clearly arrange that V is
monotone decreasing on [u1, 00). Then we have the following estimate.

Lemma 4.7. The functions qﬁ and y satisfy the inequalities
9G] = 1, Reyw) < |l onlur,00).

Proof. From the asymptotics (3.2) we know that lim, . oo ¥(u) = —iw. Thus for v suffi-
ciently large, |y(v) — i|w|| < &, and we can apply Corollary 4.3 on the interval [u], v]
backwards in u with Ty = |w| 4 2¢. Since ¢ can be chosen arbitrarily small, we conclude
that Corollary 4.3 applies even on [u, 00) with Ty = |w|. This means that

0 <Imy < |o], Rey < |w| on/[uj, o).
Finally, we use (4.9) with w = i|lw|. O

We now come to the estimates for qb which are more difficult because we need a
stronger result. The next lemma specifies the behavior of the potential on (—oo, 2u1].

Lemma 4.8. For any u; € R there are constants c, Ly such that the potential V has for
all w € (wo, 0) and all A > \g the following properties. There are unique points u_ <
up < u4+ < uj such that
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V is monotone increasing on (—oo, uy ). Furthermore,

Uy —u- <, (4.29)
yuy >logQ* —logh —c, (4.30)

1
VIS +1V/12 < 2 1V] on s, 2u) (31

with y as in (3.9).
Proof. We expand V in a Taylor series around the event horizon,
Vo= —Q*+ (+co)r —r1) + 20 —r)?).
Hence for sufficiently large A there are near the event horizon unique points u_, ug,

u4+ where the potential has the required value. Integrating (2.1) we get near the event
horizon the asymptotic formula

1
u ~ — log(r —ryp).
14

Getting asymptotic expansions for u4+ we immediately obtain (4.29, 4.30). Further-
more, using (2.1) to transform r-derivatives into u-derivatives, we obtain in the region
(r1,r1 +€) N (u4, 00) the estimates

A' u u

-’ < V() < rcevt,

c

V' @)+ V@) < ree™,

uniformly in A and w. Hence for sufficiently large 1q, (4.31) will be satisfied near the
event horizon.

In the region r > r| + ¢ away from the event horizon, V is strictly positive, V > A/c,
and since the derivatives of V can clearly be bounded by |V'| + |V"| < cA, it follows
that (4.31) is again satisfied. O

First we apply Corollary 4.3 on the interval (—oo, #_) to obtain the following result.

Corollary 4.9. There is a constant ¢ > 0 such that for all ® € (wp, 0) and X > Ao,

Q Q
5 < Imy < @, |Rey| < 5 on (—oo, u_]J.

Also, at u = u_ we have an invariant disk with

a = 0, U = —— T = V2. (4.32)

On the interval [u_, u4] we use the method described in the next lemma.
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Lemma 4.10. Assume that the potential V is monotone increasing on [0, u,,..]. We set

o = \/max(z V(Mmax)’ O)

and introduce for a given constant To > 1 the functions U, o, B, R, and T by (4.12,
4.14) and

VITOT
VITw]

If a solution y of the complex Riccati equation (4.5) satisfies at u = O the condition

T) = Tpye™ (4.33)

ly—m| < R,
then this condition holds for all u € [0, U]

Proof. By definition of «, the function U = V — o2 is negative and monotone increas-
ing. Using furthermore that o = ¢?*“, we can estimate the total variation in (4.16) as
follows,
\ur
|UI

u
TVi0. log [02U| = / <4a ) = dau + log |U(0)| — log |U (w)].
0

This gives (4.33). O

Thus we match the invariant disk (4.32) to a disk with U, = V(u_) — af and oy =

/2 Q. From (4.29) we see that (u4 — u_) « is uniformly bounded, and thus we obtain
the following estimate.

Corollary 4.11. There is a constant ¢ > 0 such that for all w € (wgp, 0) and ) > Ao,

Q
— < Imy < ¢cQ, |Rey| < cQ onlu_,usl.
c

Atu = uy we get an invariant disk with
0 <o <, —-cU = - T, < c. (4.34)

In the remaining interval [u 4, 2u1] an approximate solution of the Schrodinger equa-
tion (2.14) is available from semi-classical analysis: the WKB wave function

du) = V=i exp</uﬁ>.

The corresponding function y is given by

V/

u) = - —.

yu) =~ v

In order to get an invariant disk estimate which quantifies the exponential increase of ¢,

we choose « such that it also becomes large as V' > 0. For technical simplicity, we
choose

ool

au) = Vu), (4.35)

giving rise to the following general result.
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Lemma 4.12. Assume that the potential V is positive on [0, u,,,.] and that
/ 1 3 /" 1 2
[Viw)| =< EV(M)Z, Vi) < ZV(M) . (4.36)
We introduce for a given constant Ty > 0 the functions o, U, o, B, R, and T by (4.35,
4.12, 4.14, 4.22). If a solution y of the complex Riccati equation (4.5) satisfies at u = 0
the condition
ly —m| < R,

then this condition holds for all u € [0, u,,..]. Furthermore,

VV To
R > — — —. 4.37
ey 2 —¢ 2 (4.37)
Proof. A short calculation yields
U—v 2 , 15 v 7 Vv
= - -0 = — —_ N
64 16 Vv
U+ daU 105 3 83 v 7VvVr 7V
al = — - — _— = — —
128 64 32 ys 16 JV
Using (4.36) we obtain the estimates
3
Vv 1% V2
— < U < — and U' +4aU > —.
64 2 16

Hence the conditions (4.21) are satisfied, and Lemma 4.2 applies. The inequality (4.37)
follows from (4.23), the just-derived upper bound for U and the factthate > 1. O

Matching the invariant disk (4.34) to the invariant disk with o, = o (u,) and U, =
V(u,) — a®(u,) — o' (u,) with o according to (4.35), we obtain

U < Q> T, <c. (4.38)
We can then apply the last lemma on the interval [u, 2u1].

Proof of Proposition 4.6. Suppose that u < u;. Using the definition of y and y, we can
rewrite the Wronskian as

w$.d) = $¢ (G-
Applying Lemma 4.7 at u = 2u; gives

p b 1
oW | | 2w , . (4.39)
w(p, P) éQuy) | ReyQui) — ol
We combine (4.37) with Tp = T, satisfying (4.38) to get
Vv
Rey > £ — Q. (4.40)

8



Decay of Solutions of the Wave Equation in the Kerr Geometry 491

Since the potential V is strictly positive on the interval [, 2u1], we can, possibly by
increasing Ao and c, arrange that

A
VvV > £ on [uy, 2uq] 4.41)
c
and thus also that
A
Rey > % on [uy, 2uy]. (4.42)
c

This inequality allows us to bound the fraction in (4.39),

. (4.43)

) ' . ' $u)

w(o, ) b Quy)

Thus it remains to control the last quotient. We omit the accent and use the nota-
tion p = |¢|. In the case u < u, we can use (4.9),

p)?  _ Imy(uy)
p(uy)? Imy(u) ’

and the last quotient is controlled from above and below by Corollary 4.9 and Corol-
lary 4.11. Hence, rewriting the quotient on the right of (4.43) as

p(u) pw) pug)

pQuy) — pluy) pQuy)’

it remains to consider the case u > u, . Applying (4.7) and (4.40), we obtain

¢ u)
¢ Quy)

A = log

2uy 1 [2u
= —/ Re y(u) 569(2u1—u+)—§/ NA
u u

Now we use (4.30) and the fact that the function 2 log €2 is bounded,

1 2u
Afclogk—gf JV.
u

Estimating the last summand with (4.41),

2u 2u \
/ e [ s Y
u u

1 c

we conclude that for large A this summand dominates the term c log A, and thus (4.43)
decays in 1 even like exp(—+v/A/c). O
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5. Contour Deformations to the Real Axis

In this section we fix the angular momentum number k throughout and omit the angu-
lar variable ¢. We can again assume without loss of generality that k > 0. Also, since
here we are interested in the situation only locally in u, we evaluate weakly. Thus we
write the integral representation (2.16) for compactly supported initial data V¢ and a
test function n € C°(R x $2)2 as

<n, \Il(t)>:—L li\r‘% (/ —[) da)e_i"’l<n, 0n(®) Seo(@)Wo>. (5.1)
NS € E3

2mwi
ne

The integration contour in (5.1) can be moved to the real axis provided that the inte-
grand is continuous. In the next lemma we specify when this is the case and simplify

the integrand. For w real, the complex conjugates of é and ¢ are again solutions of the
ODE. Thus, apart from the exceptional cases w € {0, wp}, we can express ¢ as a linear

combination of qb and qﬁ,

b =ad+Bé (weR\{0, w). (5.2)

The complex coefficients o and B are called transmission coefficients. The Wronskian
of ¢ and ¢ can then be expressed by

w(é.d) = puwe.¢) = 2iQp, (5.3)

where in the last step we used the asymptotics (3.1). Furthermore, it is convenient to
introduce the real fundamental solutions

¢1 = Red, ¢ = Img,

and to denote the corresponding solutions of the wave equation in Hamiltonian form
by \Ili‘}g.
Lemma 5.1. If the Wronskian w(cf), (2)) is non-zero at w € R\ {0, wo}, then the integrand
in (5.1) is continuous at w and

(il}% —811\1}))(Q,,(w +ie) Seo(w +ie) V)(r, V)
2

i
= - D < v, (5.4)
a,b=1

where the coefficients t,p are given by
= 1+ReS, 11y =ty = —Im—, 1 = I—Res. (55
p B p
Proof. We start from the explicit formula for the operator product 9, S~ given in [5,
Proposition 5.4]. Since the angular operator O, (w + i¢) can be diagonalized for ¢ suffi-

ciently small, the kernel g(u, u’) is simply the Green’s function of the radial ODE, i.e.
for w in the lower half plane,

N Pu) ') ifu <o’
gl u) - x {q‘b(u) G’y ifu > u'. } (56)

 w(d, )



Decay of Solutions of the Wave Equation in the Kerr Geometry 493

whereas the formula in the upper half plane is obtained by complex conjugation. Using

that limg ~o q) = limg\ocﬁ and lim, o ¢ = limg\ o qb we find that

lim — li u) =21 Ju'),
(lim —lim ) g(u. ) = 2i Im g(u, u)

and a short calculation using (5.2, 5.3) gives

ol =

(lim —lim ) g(u,u’) = —

2
D tap ¢ ) ")
e,/0  &\0 e

a 1

with 7, according to (5.5).
Except for the function g(u, u’), all the functions appearing in the formula for 0, Sso
in [5, Proposition 5.4] are continuous on the real axis. A direct calculation shows that

lim — Ii i) S je) W
(Eg% ggg)(ka(w-+le) ol +ig) W)
. 2
I Z (=P
= _w_Q . ltab \I}a <\Ijb, ( 0 1) \I">L2(dﬂ)
a,b=

with du given by (2.7). Since the W}, are eigenfunctions of the Hamiltonian, we know
according to (2.3) that AV, = (w — B)wW¥}. Using furthermore that the operator A is
symmetric on L2(d ), we conclude that

(0= pBw0 A0
<\Ilb, ( 0 1 \I’>L2(d[i) = <\I’b, 01 \II>L2(d[i) = <\Ilb, lIJ>,
where in the last step we used (2.8). O

Let us now consider for which values of w and n the contour can be moved to the
real axis. According to Proposition 4.5, the Wronskian w(¢, ¢) is non-zero unless w €
[wo, 0]. We now analyze carefully the exceptional cases w = 0, wg. From Theorem 3.1,

Theorem 3.2 and Theorem 3.5 we know that the functions ¢ and ¢, = a)“(ﬁ are con-
tinuous for all w € R. If ak = 0 and @ = 0, the functions ¢ and ¢,, degenerate to real
solutions with the asymptotics

lim ) = 1, lim w7 gou) = %
U——00 U— 00 T

Noting that the function

rA r 2Mr
Vrr+ar = = <1— )
' (r2 +a?)2 Vrr+a? r?+a’

is monotone increasing, the potential V, (2.15), is everywhere positive. Hence solu-
tions of the Schrodinger equation (2.14) are convex. This implies that the functions é
and ¢ do not coincide, and thus their Wronskian is non-zero. As a consequence, the
Green’s function (5.6), and thus the whole integrand in (5.1), is bounded and continu-
ous near @ = 0 (note that (5.6) is invariant under rescalings of <2>, and thus we can in
this formula replace ¢ by ¢,). In the case ak # 0 and w = 0, the function ¢ is real,
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whereas qb is complex, and thus w(q$, ¢0) # 0. If on the other hand ak # 0 and w = wy,
45 is real and qb is complex, and again w(¢;, ¢0) # 0. Hence the integrand in (5.1) is
continuous and bounded at the points w = 0, wp. We conclude that for every n € N,
the integrand in (5.1) is continuous on an open neighborhood of w € R\ (wp, 0). Fur-
thermore, according to Proposition 4.6, w(gf), q\S) # 0if w € (wo, 0) and A is sufficiently
large. We have thus proved the following result.

Proposition 5.2. There is § > 0 and no € N such that for every Wy € Cg°(R x §2)2,
the completeness relation

1 > 0 dow 2
Vg = — f + / e R L R
27 (112_(:) R\[w,0] Z 0)0) w2 Z ab *a b

n>no a,b=1

+y ﬁa(Qn S0 Wo) do

n=<nq
holds, with the contour Ds as in Fig. 5.

We point out that the contour Ds passes along the line segment [wg, wp+§) twice, once
as the limit of the contour in the lower half plane, and once as limit of the contour in the
upper half plane. These two integrals can be combined to one integral over [wg, wo + )
with the integrand given by (5.4).

Let us now consider how the remaining contour integrals over C, can be moved
to the real line. According to Theorems 3.1 and 3.2, the functions ¢ and qb have for
every n < ng and for every w € (wp, 0) a holomorphic extension to a neighborhood
of w. Thus their Wronskian is also holomorphic in this neighborhood, and consequently
they can have only isolated zeros of finite order. Since w(¢3, qB) # 0 for w near 0
and wq, we conclude that the numbers of zeros must be finite. Since we only need to
consider a finite number of angular momentum modes, there is at most a finite number
of points wy, ..., wg € (wp, 0), K > 0, where any of the Wronskians w(qgn, (i&n) has a
zero. We denote the maximum of the orders of these zeros at w; by /; € N.

The above zeros of the Wronskian lead to poles in the integrand of (5.1) and cor-
respond to radiant modes. We will prove in Sect. 7 by contradiction that these radiant
modes are actually absent. Therefore, we now make the assumption that there are radiant
modes, i.e. that the Wronskians w(¢3n, q?)n) have at least one zero on the real axis. As
a preparation for the analysis of Sect. 7, we now choose a special configuration where
radiant modes appear, but in the simplest possible way. We choose new initial data

dy = P(H) ¥y, (5.7

Imw

@0 Rew

wo+ 6

Fig. 5. The integration contour Dg
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where P is the polynomial

K

Pix) = o—w) x—o)' ' e —w)h.
i=2

Then ®( again has compact support, and using the spectral calculus, the corresponding
solution @ (¢) of the Cauchy problem is obtained from (5.1) by multiplying the integrand
by P(w). Then the poles of the integrand at w», ..., wg disappear, and at w; a simple
pole remains. Subtracting this pole, the integrand becomes analytic, whereas for the pole
itself we get a contour integral which can be computed with residues.

Let us summarize the result of the above construction with a compact notation. For
a test function n € C°(R x 52)2 we introduce the vectors 7" by

nt = ", ns") where nd" = <@ >,

Proposition 5.3. Assume that there are radiant modes, K > 1. Then the Cauchy devel-
opment D (t) of the initial data (5.7) satisfies the relation

1 o0 . .
<, ®(t)> = E Z/meftwt <na)n’ Twnq)wn)(cz do + el Z (nwm’o_n)(cz.

neN" n=ng

Here w) € (wo, 0). The (6"),=1,....n, are vectors in C?, at least one of which is non-zero.
The matrices T®" have the following properties,

(1) If o & [wo, 0] or n > no,
(T"ap =ty (5.8)

with tup according to (5.5).
(2) For each n, the function T®" is continuous in w € R and analytic in (wy, 0).

6. Energy Splitting Estimates

In this section, we consider the family of test functions

nL(u) = n(u+L)

for a fixed n € C(C)’O (R x §2)2. Our goal is to control the inner product <ny, ®(¢)> in
the limit L — oo when the support of 1, moves towards the event horizon. Our method
is to split up the inner product into a positive and an indefinite part. Once the indefinite
part is bounded using the ODE estimates of Sect. 4, we can use the Schwarz inequality
and energy conservation to also control the positive part.

We choose 1 € R and general test functions 1, ¢ € C(‘)’o((—oo, u1) x )% which
are supported to the left of u; (for later use we often work more generally with ¢ instead
of ®¢). Since for each fixed n, the T“" are continuous and the eigensolutions W (1)
are, according to Theorem 3.1, also continuous in w, uniformly for u € (—oo, u1), we
have no difficulty controlling the expressions (n®", T*"¢“")c2 forn < np and w €
[wo, 0]. Hence we only need to consider the case when the matrix 7" is given by (5.8).
Using (5.5), the eigenvalues A4 of this matrix are

6.1)
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In order to determine the sign of these eigenvalues, we first use the asymptotics (3.1,

3.2) to compute the Wronskians w(q\ﬁ, &) = —2iw and w(q§, (;5) = 2iQ. Furthermore,
we obtain from (5.2) and its complex conjugate that

w@. ¢) = (af* = |B*) w(g. §).
Combining these identities, we find that

a2 = B2 = —g. 6.2)

From (6.1, 6.2) we see that in the case @ ¢ [wo, 0], where w and €2 have the same sign,
the eigenvalues A are both positive. However, if w € (wp, 0), one of the eigenvalues
is negative. This result is not surprising, because the lack of positivity corresponds to
the fact that for @ € [wp, 0] the energy density can be negative inside the ergosphere. In
the case when 7“" is not positive, we decompose it into the difference of two positive
matrices,

T" = T =T forw e (wo,0), n > no,
where
T" = —i_ 1.
In the next lemma we bound the integral over 7" using ODE techniques.
Lemma 6.1. Forany e > 0we can, possibly by increasing n, arrange that forall L < 0,
0
> [ |9, T®" ¢ 2| dow < e.
n>ng ¥ 0

Proof. Using (6.2, 5.3) we can estimate the norm of 7_ by

l? — |8 w1 2|0
1T = o) = o < |2 = S
Bl el + 18D ~ 1212182 = [w(d. p)P
Hence
> /0|<n‘”" T | do < 2) /O i 9 de
e T =5 e w@ D) (. )

Writing out the energy scalar product using [5, Eq. (2.14)] and expressing the funda-
mental solutions W7 in terms of the radial solution ¢, one sees that

In?"| < csuplnr ¢l, [£“"] < ¢ supl¢ ¢,
R R

where the constant ¢ = c(w) is independent of A. Now we apply Proposition 4.6 and
use that the eigenvalues A, grow quadratically in n, (2.11). 0O
Lemma 6.2. There is a constant C > 0 such that for all L > 0,

Z/ (", T ¢ 2| dow < C.
nong Y R\[@0,0]
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Proof. First of all, using the positivity of the matrix 7T,

Z/ |(nti)n’Twné.wn>(C2| dw
1
= —Z/R ((U?anwnUCLMMZ + (é.a)n’Twné.wnhCz) do.

The two summands can be treated in exactly the same way; we treat the summand involv-
ing n7" because of the additional L-dependence. Applying Proposition 5.2 and dropping
all negative terms, we get

/ ", T " 2 dow < <np, H(H — wo) np>
R\[wp,0]

+Z/

n>ng Y @

0
U T e do 4 3§ 10w (O So H (H — o) )| do
0 Ds

n=<nq

Using the asymptotic form of the energy scalar product and the Hamiltonian near the
event horizon, it is obvious that the first term stays bounded as L — oo. The second
term is bounded according to Lemma 6.1. For the contour integrals we can use the for-
mula (5.4) on the real interval [wo, wg + §). Since Theorem 3.1 gives us control of the
asymptotics of fundamental solution qb uniformly as u — —o0, it is clear that the inte-
gral over [wg, wp + &) is bounded uniformly in L. For the contour in the complex plane,
we cannot work with (5.4), but we must instead consider the formula for the operator
product O, S given in [5, Proposition 5.4] together with the estimate for the Green’s
function given in Lemma 6.3 below. O

Lemma 6.3. For every @ € Dg with w # wy, there are constants C, € > 0 and ug € R
such the Green’s function satisfies for all @ € Ds N B¢ (@) the inequality

lg(u,v)| < C forallu,v < ug.

Proof. Tt suffices to consider the case Imw < 0, because the Green’s function in the
upper half plane is obtained simply by complex conjugation. By symmetry, we can
furthermore assume that # < v. Thus, according to (5.6), we must prove the inequality

) p(v)
w(g, ¢)

< C forallu <v < uy.

According to Whiting’s mode stability [10], the Wronskian w(qé, <i>) has no zeros away
from the real line, and thus by choosing é so small that Bs(®) lies entirely in the lower
half plane, we can arrange that |w(¢;, q?b)| is bounded away from zero on Bs(w). Hence
our task is to bound the factor |<;§(u) q\b(v)|. Solving the defining equation for w(qg, (i))
for ¢ and integrating, we obtain

/" o[-
¢ lv Tl g




498 F. Finster, N. Kamran, J. Smoller, S.-T. Yau

Substituting the identity

1 B e—2i£2ui<e2i52u> B Li( 1 )
dw?  2iQ du \ $(u)? 2iQ du \ gu)?)’

the integral over the last term gives a boundary term,

uo

w1l od( 1\ 1 1
/v ﬁﬁ(é(uﬂ) 29 Gy

The integral over the other term can be estimated by

) g2iQu / e~ 2ImQv  rug
8—21914 <’_) dv < /
¢ (u)? 2 v

Using the asymptotics (3.1) one sees that the last integrand vanishes at the event horizon.
From the series expansion for <[), (3.7, 3.8), we see that this integrand decays even expo-
nentially fast. Therefore, the last integral is finite, uniformly in v and locally uniformly
in w. Collecting all the obtained terms and using the known asymptotics (3.1) of 43, the
result follows. O

v

L[

—iQu f /
_ (e d(u)) dv
20 J,

(e §(u))?

Lemma 6.4. Forany e > 0we can, possibly by increasing ng, arrange that forall L > 0,

0
Zf (", T o | dew < e
()

n>ngo

Proof. Again using positivity, it suffices to bound the terms

0
Z/ (Cwn7T$n§wn>C2 dw .

n>ng ¥ 0

0
Z / 09", T n%")¢2 do  and
0

n>ng v @
They can be treated similarly, consider for example the first term. For any n; > ny,

0 0
inf 32 Y [ reedo = Y [ (A T A s do
2%

n>ny v @0 n>ng

0
< <A H (H =00 Ai>+ 3 [ (A9 T A do
wo

n>ngo

+ Y @ I<AnL, (Qn Seo H (H — wo) Anp)>| do.
Ds

n=<nqo

Here A is the angular operator. When it acts on a test function, we always get rid of
the time-derivatives with the replacement id, — H. We now argue as in the proof of
Lemma 6.2 (with 5, replaced by .A#n;,) and choose n; sufficiently large. O
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7. An Integral Representation on the Real Axis

We now use a causality argument together with the estimates of the previous section to
show that the radiant modes in Proposition 5.3 must be absent. This will be a contradic-
tion to the assumption that there are radiant modes, ruling out the possibility that there
are radiant modes at all. This will lead us to an integral representation of the propagator
on the real axis.

Let us return to the setting of Proposition 5.3. Choosing the ¢*-dependence of 7
such that it is orthogonal to the angular wave functions (W,'"), <y, except for one n,
and choosing the u-dependence of 1 such that it is orthogonal only to one of the plane
waves et/ (©17®0 e can clearly arrange that

limsup|o(L)] =: k > 0 where o(L) = Z <" "> (1)

L—o00 n<ng

Furthermore, we choose 7 such that its support lies to the left of the support of @y, i.e.
dist(supp nr, supp ®g) > L forall L > 0.
Due to the finite propagation speed (which in the (¢, )-coordinates is equal to one),
suppnr N supp®(r) = ¥ if |t < L.

Hence forall L > 0,
1 L

0= i &N <np, d(t)>

Sln((a) wi)L) On N g on
Z/ (-l (", T @p")c2 do + o (L).

We apply Lemma 6.1 and Lemma 6.4 with ¢ = «/(87) to obtain

K
Z/ NPt TG 2| do < .
n>n0 @0 2
Furthermore, Lemma 6.2 gives rise to the estimate

sin((w — w1)L)

< C
= e @—wnL

R\[wp,0]

’

/ Sinl@ = OVL) on pongony ., o
R\w.0] (@ =o)L

and since this supremum tends to zero as L — oo, we conclude that the expression on
the left vanishes in the limit L — oo. Combining these estimates with (7.1), we obtain

lim sup > 7K. (7.2)

L—o0

>(C2 dw

0 .
[} =) g
w (@—w))L

n=<nqo

Since the matrices 7" are continuous in w and the fundamental solutions W5 (1) are
according to Theorem 3.1 uniformly bounded as u — —oo, there is a constant C such
that

|9, T"®§") 2| < € forall L > 0and w € (wo, 0), n < no.
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Hence we can apply Lebesgue’s dominated convergence theorem on the left of (7.2) and
take the limit L — oo inside the integral, giving zero. This is a contradiction.

Since radiant modes have been ruled out, we know that the Wronskian w(¢3, é&) has
no zeros on the real axis. Thus we can move all contours up to the real axis. This gives
the following integral representation for the propagator.

Theorem 7.1. For any initial data Wy € C®(R x $2)2, the solution of the Cauchy
problem has the integral representation

W) = Y Y f 8 g Z Ao () <Wh Wy
o0

keZ neN

with the coefficients t,p as given by (5.5, 5.2). Here the sums and the integrals converge

2
in Lloc

8. Proof of Decay

We now combine the integral representation of the solution of the Cauchy problem
obtained in Theorem 7.1 with the energy splitting estimates of Sect. 6 to prove our main
decay theorem.

Proof of Theorem 1.1. We choose an interval [rz, rg] C (r1, 00) and let K be the com-
pact set K = [rr, rgr] X S2. As a consequence of Theorem 7.1, we have for any n €

Cye( Icé )? the integral representation
<n, H(H —w)) V(@)> = — Z/ e Ot (pen Ten Vi 2 do.  (8.1)
nEN
It is useful to introduce the short notation
m,¢) = <n, H(H —wo) {>. (3.2)

We consider on K the Hilbert space H = L?(K, du)> and denote its scalar product
by <., .>7¢. We can represent the inner product (8.2) as

M, ¢) = <n, Bi>y

with the operator B given by

_ (A0 _( A AB-w)
b= <o 1)"’“‘"“’0) = <(ﬂ—wo)AA+ﬁ(ﬂ—wo) '

This operator, densely defined on C(‘)’O (K)? C H, is obviously symmetric. We now
construct a self-adjoint extension. We decompose B in the form

2
B = By+E with By := (% g).

The elliptic operator A on the compact domain K is essentially self-adjoint and has com-
pact resolvent (see [5, Sect. 3]). Thus we can choose a domain D(By) which makes By
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self-adjoint. Denoting the resolvents by Rg = (Bp— M) Yand R, = (B — 1)L, the
resolvent identity reads

RO = 1+ RVE)R; = \/R>2<1+,/R2E\/R>)?>\/m]g)“

Writing out the operator inside the brackets,

F:=/RVE/R)

B 0 (A2=2)"2 A — o) (A —1)2
T \A=—DTT B w)AMI =TT (A—N)T2BB—w))(A—2)"2 )]

and using that (A2 — k)_% Al < 1for A < 0, we conclude that by choosing » < 0,
we can make the norm of F arbitrarily small. Hence the operator 1 4 F is invertible,

and we obtain the formula
R, = JRY(A+F)"'/R).

We conclude that the operator R) is also compact. This gives us a self-adjoint exten-
sion of B with a purely discrete spectrum without limit points and finite-dimensional
eigenspaces.

We now arrange that the operator B has no kernel. Namely, if on the contrary the
operator has a kernel, it is obvious from the definition of B that one of the operators A,
H or H — wq has a kernel. Using the separation of variables, we get corresponding radial
ODEs with Dirichlet boundary conditions at r; and rg. Since non-trivial solutions of
these ODEs have discrete zeros, we can by increasing the size of the interval [ry, rg]
arrange that B has no kernel. Due to the purely discrete spectrum, there is a constantc¢ > 0
such that

1
|BEI > p &1 forall§ € D(B). (3.3)
Let ¢ > 0. For given w > |wp| and n; > ng we set
T®"ifn > n; and w € (wyp, 0)
I = { T*"ifn <njand w € [—o1, 0]

0 otherwise

and T?" = T*" — T;”". Furthermore, we introduce the short notation

1 o0
dv- = — do -
/N” Zan_oo“’

and omit the superscript ®*. With this notation, we can write (8.1) for # = 0 in the
compact form

(n.¢) = me, (Ty + 1) £)o dv.
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Since in Lemma 6.1 we used pointwise estimates of the W$", these estimates depend
on n and ¢ only via their norm in the Hilbert space H. The same is true for the finite
number of modes n < nj for w in the compact set [—w1, w]. We thus have the bound

[ miicaiav < ekoonm) ks el (8.4)
N
Now we estimate the inner product (1, W (¢)) for n € (COO(IO()Z) as follows,

|(n, W ()| =

f e (3, Ty Wo) 2 dv
N

1
+E/ [(n, To (1 4+ H?)(1 + A)Wo)c2| dv, (8.5)
N

where the constant C, given by

C = Cy,w) = inf (1 + @)+ Ay(w)),

n>nj or |w|>wi

can be made arbitrarily small by increasing w; and n. Since T is positive, we have,
using the Schwarz inequality,

1 1
/(n,T+§)C2 dv < (/ (n, T+n) 2 a’v)2 (/ (¢, T4 8) dv)2
N N N

Applying this inequality in the last term of (8.5), we obtain
2
([ asmhas pvcia) < v |01 nea
N N

= c(Wo) ((n, m - /N . Ty ) dv) = cwo) (1611 + Il

where in the last step we used (8.4). Hence by choosing w; and n; sufficiently large, we

can arrange that the second summand in (8.5) is smaller than (|(, n) + || ||%{)%. The
first term in (8.5) consists of the sum of the angular modes n > n| and n < n. For the
sum over n > np, we can again apply Lemma 6.1 keeping in mind that the dependence
on 1 and ¢ is controlled by their norms. Possibly by further increasing n; we can arrange
that this contribution is bounded by ¢||n||;2. For the remaining finite sum n < n; we
simply apply the Riemann-Lebesgue lemma. We conclude that, for large ¢,

l o
(. W] = & (Inll 2k a0 + 10, WIF) - forall n € (K
We rewrite this inequality in the Hilbert space H,
2 2 2
<n, BW()>3, < 2e¢ (”77”7-( + <n, B 77>H) .

By continuity, this inequality holds for any n € ‘H. Evaluating this inequality for the
sequence 7y obtained by projecting W (¢) on the eigenspaces with eigenvalues < k,

Mk = X(—oo0,k](B) W(2),
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and taking the limit k — oo, we obtain the inequality

<W(), BU()>], < 26 (||xp(t)||% o<W, B\I/(t)>H).

Since the term <W(t), B WV (t)>7y vanishes only if W(z) = 0, we may divide by this
term. Using (8.3), we conclude that

w112,
<U(1), BU(t)>

1
~w@m|* < 2¢? < 2% (c+1)
C

and thus, for sufficiently large 7,

IW@ln < & Qelc+1)2.

We conclude that W(r) converges to zero in L*(K).

Applying the same argument to the initial data H"W(, we conclude that the partial

derivatives of W (¢) also decay in L2(K). The Sobolev embedding H*2(K) < L*®(K)
proves the theorem. 0O
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